Fuzzy relations

Fuzzy sets defined on universal sets which are
Cartesian products.

<X, y>
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Example (1nformation retrieval, bilgi

erisimi)
Binary fuzzy relation
Documents R Key terms
D < > T

Membership degree R(d,t):
the degree of relevance of document d and the key term t
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Example (equality relation)

C A

1

E(X,y) = max(0, 1- ‘X; vl

y 1s approximately equal to X

X, X
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Representations of fuzzy relation

 List of ordered pairs with their membership grades
» Matrices
* Mappings

Directed graphs
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Matrices

Fuzzy relation R on XxY

X={X{, X5p oees X b, Y={Y1 Voob ooy Vi
r;=R(X;, ;) is the membership degree of pair (X;, Y

rll :"‘12 oo Pim

R = riZl ?‘22 ?‘2”3

"nl ‘PHQ ?nm_
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Example (very far from)

Example: X={Beijing, Chicago, London, Moscow, New York, Paris, Sydney, Tokyo}

R B C E M N P S T
B 0 1 0.7 0.5 1 0.7 0.6 0.1
C 1 0 0.5 0.9 0 0.5 1 1
L 0.7 0.5 0 0.3 0.5 0 1 0.7
M 0.5 0.9 0.3 0 0.9 0.3 0.8 0.5
N 1 0 0.5 0.9 0 0.5 1 1
P 0.7 0.5 0 0.3 0.5 0 1 0.7
S 0.6 1 1 0.8 1 1 0 0.6
T 0.1 1 0.7 0.5 1 0.7 0.6 0
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Mappings (Eslemeler)

The visual representations o ?6

On finite Cartesian products - @
(B,

Document D = {d,, d,, ..., ds} @

Key terms T = {t,, t,, t;, {,}
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Directed graphs
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Inverse operation

* Given fuzzy binary relation REXxY

— Inverse R-IcYxX

_ Rl _
Ry, X) = R(X.y) The transpose of R
06 1 0 0 06020 0 O]
021 0 0
rR= " ndR-1- |1 1 103 0
1 0 O 0 0 0 1 0.7
0 03 1 0.8 |0 0 00.80.5]
0 0 0705
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The composition(bilesim, olusum) of fuzzy
relations P and QQ

* Given fuzzy relations PCXxY, QcYxZ
— Compositionon Pand Q=P - Q=R cXxZ

— The membership degree of a chain <X, y, 2> 1s determined by
the degree of the weaker of the two links, <X, y> and <y, > .

= R(X,2) = (P> Q)(X, 2) = max , .y min [ P(X, ¥ ), Q(Y, Z)]
— R(X,2) = (P-Q)(X, 2) = sup y.y min [ P(X, ¥ ), Q(Y, 2)]
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Example (composition of fuzzy relations)

X = {a,b,c}
Y =1{1,2,3,4}
Z ={A,B,C}
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Example (matrix composition)

X = lpl: P2, P3; p4}

Y = {Sl, S9, 33}

Z -— {dl, dz, d3, d4, d5}

0 0.30.4
0.2 0.5 0.3
0.8 0 0
0.7 0.7 0.9

Pc XxY

27.10.2010

0 0304
p_[020503
08 0 0
0.7 0.7 0.9

07 0 0 0.3 0.6
0505 0.8 04 0

0 070209 0
Qc YxZ

fuzzy database modeling

07 0 0 0306
Q= (05050804 0
0 070209 0

0.3 0.4 0304 0
0.5 0.5 0.5 0.4 0.2
0.7 0 0 0.306
0.7 0.7 0.7 0.9 0.6

Rc XxZ
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Fuzzy equivalence relations and
compatibility relations

» Equivalence (esdegerlik, denklik): Any fuzzy relation R
that satisfies reflexive, symmetric and transitive properties.
— Risreflexive < R(x, X) =1 for all X eX.
— R 1s symmetric < R(X, y) = R(y, X) for all X, y € X.

— Ris transitive < R(X, 2) 2 max ; .y min [ R(X, ¥ ), R(Y, Z)]
all x, z € X.

* Compatibility (bagdasirlik, uyumluluk): satisfy

reflexive and symmetric
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Example (fuzzy equivalence)

-

Q-= O 0 1 0 O 0.8
081 0 1 05 0
0505 0 05 1 O

0 0080 0

Fuzzy equivalence relation Q

1 08 0 0805 0|
081 0 1 05 0

1

R(1,4) =2 max {min[R(1,2),R(2,4)],
min[R(1,5),R(5,4)]}

bl
v

Equivalence classes in o -cuts of Q



Example(fuzzy compatibility)

1 1 0 0809 0|

1 1080905 0 R(1,4)<max {min[R(1,2),R(2.4)],

B9 B8 L 0 9 08 min[R(1,5),R(5,4)]}
0809 0 1 1 O
0905 0 1 1 O
0 0080 0 1|
(1) 1 @)—'8—@ 11245 213] [3[6] «=5
112141 [114[5] [2]3] [3[6] o=8
8 5 8
1121 [214] [1[5] [2]5] [3] [6] «=9

Q,/ \5) @ 1(2 415 3 6 o =1
1

Fuzzy compatibility relation R Maximal compatibility classes in a.-cuts of R



Transitive closure

* The transitive closure of R 1s the smallest fuzzy
relation that 1s transitive and contains R.

* 1nteractive algorithm to find transitive closure R
of R

1. Compute R> =RU(R - R)
2. If R’#R, rename R’ as R and go to step 1. Otherwise,
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Evaluate the algorithm

.8@

O,

Fuzzy compatibility relation R

1 1 080.90.90.8
1 1 0.80.90.90.8
0808 1 0.80.80.8
090908 1 1 0.3
090908 1 1 0.3

1 080909 0|
1 0.80.9 0.9 0.8
08/10808 1 0.8050.8

1 1 00809 0/[1
1 1080905 0|1
0

0

1 0/[(090908 1
1 0090905 1
0 1/|0 0808 0

0.80.80.80808 1.

1 1 080909 0
1 1 0.80.90908
0808 1 0.80.50.8

090908 1 1 0

090905 1 1 0

0 0808 0 0 1
» RU(R<R)

equal

second
1teration

First
1teration
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Example (transitive closure)

6

5 213 316 o=.28

1 2 4 5 3
415 3 6 =9
415 3 6 o =1




Evaluate the algorithm (Example)

T 5 0 07
0O 0 0 1
R=1 90 4 0 0
L0 0 8 0 |
1 not equal
I SO T | w2 W =5
0 0 8 0 | o o0 8 1| First
=1 0 0 0 4| RYRR=} 4 4 o 4 |=K iteration
0 4 0 0 L 0 4 8 O
} ) ] not equal
ol B N 5 .3 5 .5 .57
0 4 8 4 0 % 58 wl : Second
0 4 4 4 RLULRRY= 0 4 4 4 =R. iteration
0 4 4 4 | | 0 4 8 .4 |
¢ equal
T Y a0y =D Third
g j 2 i 1teration
27.10.2010 0 :4 .8 :4 19
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Fuzzy Partial ordering

* Fuzzy relations that satisfy reflexive, transitive
and anti-symmetric, denoted by x<y

— R on X is anti-symmetric << R(X,y)>0 and R(Yy, x)>0
imply that x=y for any X,yeX.
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Q
I

O O 022 O OF:

1 0 050 0
0.7 1 0.900.1
0 0 100
1 09 1 109
0.7 0 080 1|




Projections example

S ={sy, 8y, 83}  SYMpoms Q= g5 050804 0t
D={d,, d,, d;, d,, d / 69 070209 0

Projection on S

Projection on D

<} diseases

-l07 0 0 0{3° 06---

v

Q,(s)=max Qs -

deD

Q,(s)=max Q(s,d)

seS

Ql = 0.7/81 + 0.8/82 . 0.9/83
QQ = 07/d1 + 07/d2 : o O8/d3 + 09/d4 - = 06/d6

27.10.2010
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Projections

Given an N-dimensional fuzzy relation R on X =X,
xX, x...xX_and any subset P(any chosen
dimensions) of X, the projection R, of R on P for
ecachp €P 1s

R, (P)=maxR(p. p)

peP

Where p is the remaining dimensions
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Cylindric extension

Given an N-dimensional fuzzy relation R on X =X,
xX, ... xX, , any (N+k)-dimensional relation
whose projection into the n dimensions of R yields
R 1s called an extension of R.

An extension of R with respectto Y =Y, xY, x...
xY,, is call the cylindric extension *¥YR of R into Y

FYR(XY) = R(X)
Forallx eXandy €Y.
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Example (Cylindric extension)

Q; =0.7/sy + 0.8/s9 + 0.9/s3

<

Qs = 0.7/d, + 0.[T/dy + 0.8/d3 + 0.9/d 4 6

EDQ1 A ESQ2 =

27.10.2010

_ I\ .
0.7 0.7 0.7 0.7 0.7
EPQ; = 10.8 0.8 0.8 0.8 0.8
0.9 0.9 0.9 0.9 0.9

0.7 0.7 0.7 0.7 0.6]
0.7 0.7 0.8 0.8 0.6

0.7 0.7 0.8 0.9 0.6

fuzzy database modeling

> ESQ2 =

=

0.7 0.7 0.8 0.9 0.6|
0.7 0.7 0.8 0.9 0.6/
0.7 0.7 0.8 0.9 0.6]

07 0 0 0.3 0.6
Q=105050804 0
0 070209 0
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Example of cylindric closure

 cylindric closure : the intersection of the cylindric
extensions of R 1s the original relation R.

030404 04| X=lx; x9,x3,x4) and Y = {1 y9, ¥3, ¥4}

Rl = 0.4/5\?1 + 0.7/132 + 0.2/x3 + 0.9/.134

404 0. 0.30.5 0.8 0.9

EYpe. _ 0.7 0.7 0.7 0.7| gxp__ |0.3 0.5 0.8 0.9
R, = R =

0.2 0.2 0.2 0.2 0.3 0.5 0.8 0.9

0.9 0.9 0.9 0.9 0.3 0.5 0.8 0.9]
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